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1. Introduction

Since the outbreak of COVID-19 epidemic in 2019, there has been another wave of research on infectious disease
models. lan Cooper developed a susceptible-infected-recovered (SIR) model about the novel COVID-19 disease to
investigate its spread within a community in 2020 [1]. S He et al. [2] proposed a SEIR model to simulate the process of
COVID-19 in 2020. CY Yang defined a model based on the traditional SIR model according to the COVID-19 situation
in Wuhan, China [3]. Y Yuan investigated a model for transmission of the COVID-19 that considers personal protection
awareness in 2022 and was committed to designing the optimal control strategies [4].

In the last few decades, scientists have successfully used arbitrary order calculus to model real phenomena. It has been
applied to various fields such as physics, chemisty, biology, etc. Therefore, more and more researchers prefer to use
fractional order to describe infectious disease models. Area et al. [5] discussed the fractional order SEIR Ebola model in
terms of the Riemann-Liouville fractional order derivative. R Almeida et al. [6] presented an epidemiological model
involving the Caputo fractional derivative and computed the basic reproduction number. To explore the effects of
isolation, D.Baleanu et al. [7] generalized a model using the general concept of fractional order introduced by Y.Luchko
and M.Yamamoto [8]. A.Badr analyzed a new vaccinated SARS-CoV-2 epidemic model under fractional differentiation
with respect to the Caputo operator [9]. A fractional order model in Caputo sense with the power law kernel was outlined
to predict future behavioral trends in the number of confirmed cases and deaths in the Indian COVID-19 outbreak [10]. In
addition, some authors considered an epidemic model with Atangana-Baleaue fractional derivative and solved the
approximate  solution by decomposition method [11]. Some researchers [12] analyzed the
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susceptible-vaccinated-infective model in order to explore the effect of vaccination on the spread of the epidemic in
India.

There are many numerical methods that can be used to find the approximate solutions of these mathematical models,
such as homotopy analysis method (HAM), differential transformed method (DTM). Adomian decomposition method
(ADM) was proposed by G.Adomian [13]. One of the greatest advantages of the Adomian decomposition method is that
it can be used to solve all types of integral and differential equations. It is a universal method which considers the
approximate solution of a non-linear equation as an infinite series which usually converges to the exact solution. The
LADM is to perform Laplace transform on the differential equations before using ADM [14-16]. It is to be noted that
LADM is more powerful than standard ADM. Inspired by the above-mentioned literatures, the main work of this paper is
to describe the classcial model ignoring vaccination therein [17] with fractional order and then to find the solution by
LADM.

This paper consists of five sections. Some preliminaries on the model to be discussed in this article and fractional
derivative are presented in part 2. The whole process of solving such problem with LADM is explained in detail in part 3.
In part 4, a specific example is solved with the technique to receive the numerical results. The last part is a summary of
the full paper.

2. Preliminaries

This part introduces some important knowledge required about fractional calculus. And the classical SEIR model is
expanded with the help of Caputo fractional-order operator.

2.1 Classical SEIR model

Using [17], the authors proposed the following susceptible-exposed-infected-recovered (SEIR) model
('@ =A-uSt)—SOIE)P +wR(D),
{ E'(t) =SM®I®)B — (@ +uw)E(®),
I'@t) =E@a—-+u+m)(),
R'(©) =vyI(®) — (u+w)R(0),
with given the initial conditions S(0) = sy, E(0) = e,, 1(0) =iy, R(0) = r,.

WhereS(t), E(t),I(t) andR(t) are the number of susceptible, exposed, infected, and removed individuals at time t.
The difference between this model and classical SIR model is that one more exposed group is divided. When people
come into contact with the infected, the symptoms will not show immediately. So this group is infections but not
quarantined during the incubation period. The parameters A,u, 8, a,y, m,w represent the recruitment rate, the natural

death rate, the rate at which susceptible people develop into latent, the rate at which latent develop into patients, patient
recovery rate, mortality due to infection, rate of losing immunity, respectively.

2.2 Fractional SEIR model

Definition2.1. [18] Let a € [0,1], f € H'(a,b), the usual Caputo fractional time derivative of order a, given by

f’
DIV = a)f ( .

t—s)“

Definition2.2. [19] Given a function f(t) deflned for 0 <t < oo, the following integral converges in a certain
region of s, where s isa complex parameter.

F(s) = L{f(t)} = J- oof(t)e—St dt.
0

Thus the function F(s) is the Laplace transform of f(t). £ is Laplace operator.
The operation of the original function is the inverse Laplace transform, the formula is

1 m+joo
O =L@ =5 FEeds,
m—joo

Proposition2.1. [18,20] Let 0 < a < 1, then the Laplace transform of Caputo derivative is given by

LEDF(O)} = s“L{f ()} — s*7' £(0).
Since fractional calculus is very suitable for characterizing materials and processes with memory and genetic
properties, we proposed the fractional order SEIR model as followers
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(;DS(t) =A—uS(t) —SOIX)B +wR(t),
4 SDE(t) =SIM)P — (e +uw)E(t),
| SDI(t) =E@a— (y +u+m)(t),
GDR() =yI(t) — (u+w)R(D),
with given the initial conditions S(0) = sy, E(0) = e,,1(0) = iy, R(0) = r,, where ;D is the Caputo operator and
p € [0,1] suggests fractional time derivative.

(2.1)

3. Solution procedure

The present part is devoted to expound how to use the LADM to solve equation (2.1). Applying laplace transform on
both sides of the model (2.1), we get

(L{sDS(D)} = L{A —uS(t) — S(OIBB +wR(D)},
4 LEDE®)} = LSOOI — (@ +WE®)},

3.1
| L{sDI()) = LE@®a - +u+m)I(0)}, 1)
\L{EDR()} = LII(E) — (u+ w)R(D)}.
Therefore we have
[s7Lisy—s1s0) = ? — L{uS(t) + SOIE)B — wR(D)},
s L{E@) -1 E©) = HSOIOB - (@ +WED},
| sPL{I(®)}—sP71(0) =L{E®)a—(y+u+mi(t)},
sPL{R(t)} —sP7TR(0) = L{yI(t) — (u + wWR(t)}.
Substituting the initial conditions into the above equations then we have
(L{S@®)} == + W - —L{uS(t) + SIS —wR(D)},
{' LEW®} =2+ LSOOI — (@ +wED}, 02

| LU@) = Lt SLE®a - ( +u+mID),

LR} =2+ Liyl(6) — w + wR()}.
The solutions are usually expressed in the form of infinite series as follows

S(t) = ZO 5, (©),E(t) = ZO E, (t),1(t) = ZO I, (), R(t) = ZO R, (t).

S(t)I(t) is the nonliner term in the model and it can be decomposed by Adomian polynomial in the form of S(t)I(t) =
Y oA, (t).4, isthe so-called Adomian polynomial Its convergence has been discussed in [21, 22] and

A, (t) = T [Z Ak S, (t) Z Ak, (t)l

We can calculate the first four terms
AO = SOIO’AI = SOII + SIIO’AZ = Solz + Slll + Szlo,A3 = 5013 + SIIZ + SZII + S3IO ......
Substituting the above infinite series form into equation (3.2), we have

(L0 S, (0} =—+S,,+1——L{u2 ~0Sn () + BET0 A () —WETL R, (D)},
{lL{Z LWE, (O} =T+ L{BZ 04, @) — (a+wW) X5 E, (1)},

| L2 (03 —‘°+ S L{aYy o E, () - G +u+m) Xy, (D),

\LZe 0 Ry (00} =2+ Ly 2oL, (6) — (W + 1) Tz R, (0)).

By matching the terms on both sides of the equatlon (3.3), we can get the following iterative algorithm

=0

(3.2)
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5@y =24 LE@) =2,
1
L{s; ()} = —SipL{uSO ®) +49(O)B —wRy (1)}, L{E (1)} = S_pL{Ao ®B - (e +WE ()},
I 1
L{s,®} = _SipL{USH ® + A (OB —wR (D)}, L{E, ()} = S_PL{Al ®B - (@ +wE D)},
1
LS, 110} = —Sipﬁ{usn O +A4,OB-wR ()}, LEnn (O} =LA 08 — (a + WE, D)}
LUy =2, LR} =2,
1
L} = Sipﬁ{an ®) = +u+m)h(©O)}, LR @O} =5 L@ — (w+ R (D)}
1
LL®} = Sipﬁ{aEl O = +u+mL(0)}, LR, (0} =5 Lh (@)~ (w+wWR O}
1
L0,(®0) = LB, 0~ ¢+ utmi @), (LRun®) = 5 Lk (@) — W+ R, O
Subsequently using the Laplace inverse transformation to the first three items of each equation, eventually we can get
So(t) =sg +A#i1) (Eo(t) = ey,
S10 = ~Xor— F(pﬂ) —A(u+pi o)r(zpﬂ) |5© =G, ro+n T AP Gy
S = [+ igB)Xo — soBYy + wZo] r(z +1) E2(8) = [soBYo — iofXo — (a +1)Gol F(2tp+1)
+4 [(u Tiof)* + Yof I;EZ(ZIS I"(?f::—l) lk 4 [YO I;EZ(SIB ~h@t ) k@t u)] r@p+1’
(® =i, (Ro®) =1,
1 tp 1 tp
L(®) ZYOW’ 2 o Ry () ZZOW’ 2
p p p
| () =laGy—(r+u+ m)Yo]m +Aioﬂam |R:() =DYo—-w+ u)Zo]m,
\
where
XO =u30+i050ﬂ_wr0,
Yo =epa—ig(y +u+m),
Zy =igy —(u+wr,

GO =Soi0ﬂ_(a+u)eo.
By analogy, we can compute the remaining terms in the same way.

4. Numerical results

In this part, we will assign values to all parameters and obtain the results from our work. Let’s take s, = 999,¢, =
1,i, =0, =0,4=1000/76,u =1/76,8 =0.21/1000,a = 1/7,y = 1/14,m = 0. Previous equations can be

written as
So

S

I

Sz

I

1000¢?
999tp 1000¢2 83tP
=TI+ 76rp+ D T TRk
tP
“rern =0
999¢2» 29972 r@p+1) 21t% 1000¢3%
=76 r(Zp+ 1) 1000007 (2p +1) T2(p+1)532000(3p + 1) 76T Gp + 1)’
2997t2P r2p+1) 21t3 83%t%r
T 1000007 (2p + 1) | T2(p+ 1) 7600r 3p + 1) ' 5322I'(2p + 1)’
128t% %
= T3marp s T wrap v
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Therefore, after three terms the solutions are given by

— tP 1000 2997 2 1000 21r2p + 1) t3p
S =999 + - ( + ) < - ) ,
76I'(p + 1) 762 100000/ I'(2p + 1) 763  53200I2(p+1))IBp+1)
D =1- 83tP +< 2997 4 83?2 ) 2 rp+1) 21t3P
532'(p + 1) 100000 5322)r(2p+1) TI2?(p+1)7600r3p+1)’
. tP 128t2P
1© = 7r(p+1) 3724I(2p+ 1)’
— 2P
RO = 98I (2p + 1)’
999 == = 1 ;
p
998.95 ‘ z:g ?g 0asl\ _zz;aﬁ
908.9 - N PeOss 0.96 -
998.85 ™~ 0.94 ' N
., 98 \ 0.92
5998 75 N & 0o
werl N 0.88 =
998.65 N N Z:j o
998.6 N 0.62
%8 550 0‘5 1I T:5 ; ¢ BO 0.5 1 1.5 2

time

Figure 1. The numerical result about susceptible at different order.
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Figure 3. The numerical result about infected at different order.
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Figure 2. The numerical result about exposed at different order.
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Figure 4. The numerical result about recovered at different order.

From the above figures, we can observe that with the reduction of the order of the fractional derivative from 1 to 0.65,
the number of susceptible people began to decline earlier and earlier. As the time order decreases, the recovery rate at the
same moment becomes slower. The graphs above also state that the number of susceptible people dropped very slowly
without vaccination and the number of infections continues to increase over a long period of time.

5. Conclusion

In this paper, we have solved the SEIR model under different fractional order in sense of Caputo fractional operator by
using Laplace Adomian decomposition method. Approximate results can be obtained through fewer iterations, which
shows the effectiveness and simplicity of the LADM. From the graphical results it is suggested the flexibility and
practicability of fractional differential. It is also indicated that universal vaccination in time is essential, otherwise the
number of infected people is likely to continue to increase for a long time.
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