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  Abstract 
This paper studies the risk process where the individual claim amount density and 
the interclaim time density are assumed to be arbitrary. It uses the renewability of 
the risk process at the time of claims and the cumulative law of mathematical ex-
pectation to introduce a defective renewal equation satisfied by the joint moments 
of the surplus immediately before ruin and the deficit at ruin. From this equation, 
an explicit expression for the above joint moments (including the ruin probability) 
is obtained by the Laplace transform. Explicit expressions for the ruin probability 
are given for the case where the claim amount distribution is exponential, and nu-
merical examples are given to analyze the effect of the relevant parameters on the 
ruin probability under the conditions that the interclaim times follow a Gamma dis-
tribution and a generalized Gamma distribution, respectively. 
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1. Introduction 

In the classical composite Poisson risk model, the interclaim time random variables are assumed to be independent and 
identically distributed with an exponential distribution function. Ref. [1] provided a comprehensive overview of the history 
and development of classical risk theory, and Ref. [2] investigated the joint moments of discounted claims and discounted 
perturbation until ruin in the compound Poisson risk model with diffusion. The renewal risk model (also known as the 
Sparre Andersen risk model) is a substantial generalization of the composite Poisson risk model that allows both the inter-
claim time and the claim amount to follow a more general distribution. Research progress on the renewal risk model can 
be found in [3-6], which discussed the renewal risk model in which the interclaim time or the claim amount obeyed some 
special distribution (e.g., a Gamma distribution). 

Under the composite Poisson risk model, Ref. [7] introduced the expected discounted penalty function (referred to as 
the Gerber-Shiu function), which is used to analyze other functions related to the ruin event. Since then, the Gerber-Shiu 
function has become a unified tool for determining the quantities associated with ruin, and a large number of ruin theory 
studies have been devoted to the Gerber-Shiu function, which has been widely studied and extended to different surplus 
processes (see, e.g., [8-11]). The renewal risk model allows for a more general distribution of the interclaim time, and 
several researchers have contributed to the analysis of the Sparre Andersen risk model by studying the Gerber-Shiu function 
(see, e.g., [9, 10]). 

In this paper, we generalize the risk model in which the interclaim times obey a specific distribution such as the expo-
nential distribution to a renewal risk model with an arbitrary distribution of the interclaim times and an arbitrary distribution 
of the claim size. In this model, the Gerber-Shiu function is used as a tool to introduce a defective renewal equation satisfied 
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by the joint moments of the surplus immediately before ruin and the deficit at ruin by applying the law of iterated expec-
tations and the surplus process renewability at the time of claims, without considering the discount factor. The Laplace 
transform and inverse transform are performed on both sides of this equation to obtain an analytic expression for the above 
joint moments, which in turn leads to the analytic expression for the ruin probability. An explicit expression for the ruin 
probability is given for the case where the claim size distribution is exponential. For exponentially distributed claim sizes, 
numerical examples are given for the two cases where the claims counting process is an Erlang(n) process and a generalized 
Erlang(2) process, respectively, and the effect of the relevant parameters on the ruin probability is analyzed. 

2. The model and preliminaries 
Consider an insurer’s surplus process which is defined by 

1

tN

t i
i

U u ct X
=

= + −∑ ,                                     (1) 

where 0u ≥  is the initial surplus, 0c >  is the constant premium rate per unit time, and tN represents the number of 
claims over the time interval ( ]0, t . The claim number process { }, 0tN t ≥  is assumed to be a renewal process defined by 

a sequence of positive, independent and identically distributed interclaim times { }, 1, 2,iT i =  . That is, 1T  is the time of 
the first claim and , 2,3,iT i =  , is the time between the ( 1)thi − and thi  claim. For an arbitrary , 1, 2,iT i =  , define 
the interclaim time distribution function to be ( ) ( ) ( )1 Pr iK t K t T t= − = ≤  and its probability density function to be 为

( ) ( )k t K t′=  for 0t > . Also, we assume { }, 1, 2,iX i =   is an independent and identically distributed sequence of pos-

itive claim size random variables and is independent of { }, 1, 2,iT i =  . For an arbitrary , 1, 2,iX i =  , let 

( ) ( )Pr iF x X x= ≤  be its distribution function and ( ) ( )f x F x′=  for 0x >  be its probability density function. Besides, 
the security loading condition of E( ) E( )i ic T X>  is imposed on the model so that ruin does not occur almost surely. 

For the surplus process { }, 0tU t ≥ , we define the time of ruin as { }inf 0 : 0tT t U= ≥ <  with the convention that 

inf ∅ = ∞ , the time of the first drop in surplus below the initial level u  as { }inf 0 :u tT t U u= ≥ < , and the ruin proba-

bility as ( ) ( )0Pru T U uψ = < ∞ = , respectively. The joint thl  moment of the surplus immediately prior to ruin TU −  

and thm  moment of the deficit at ruin TU  are defined by   

( ) ( ) ( ) ( ), 0E
ml

l m T Tu U U I T U uφ −
 = < ∞ =
  ,                      (2) 

where both of l  and m  are non-negative integers, and ( )I A  is the indicator function of the event A . See Figure 1 in 

[7] for TU − , TU , and a sample path of the renewal risk model (1). 

3. A renewal equation for the joint moments 

First, for the given initial surplus u , consider the conditional probability density function of TU  at y , given that 

TU x− =  and T t= , respectively. From the conditional probability formula, the conditional probability density function 
does not depend on t  and is  

( ) ( ) ( )( )1 , 0.xf y f x y F x y= + − ≥  

For the case where the first claim causes ruin, the joint probability density function of TU − , TU  and T  at the point 

( , , )x y t  is ( ) ( )k t f x y+ , where 0, , 0t x u ct u y> = + > > . Thus, the joint probability density function of TU −  and 

TU  at the point ( , )x y  is  

( ) ( )1
1, x up x y u k f x y
c c

− = + 
 

( )( ) ( )1 1 x
x uk F x f y

c c
− = − 

 
. 
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For the case where the first claim does not cause ruin, the joint probability density function of TU − , TU  and T  at 

the point ( , , )x y t  is denoted as ( )2 , ,p t x y u , where 0, 0 , 0t x u ct y> < < + > . Thus, the joint probability density func-

tion of TU −  and TU  at the point ( , )x y  is ( ) ( )2 20
, , ,p x y u p t x y u dt

∞
= ∫ . 

Given 0U u= , from the above, it follows that the joint probability density function of TU −  and TU  at the point 
( , )x y  is  

( ) ( ) ( )1 2, , ,p x y u p x y u p x y u= + ( ) ( ) ( ) ( ) ( )( )1
T TU x Uf x u f y f x u f x y F x
− −

= = + − ,  

where ( )
TUf x u
−

 is the probability density function of TU − . 

Proposition 1. The joint moments ( ),l m uφ  satisfies the following defective renewal equation  

( ) ( ) ( ) ( ), , ,0

u

l m l m l mu u y h y dy uφ α φ ν= − +∫ , 0u ≥ ,                    (3) 

where 

( )
0 0

, 0p x y dydxα
∞ ∞

= ∫ ∫ ,                                 (4) 

( ) ( )
0

1 , 0h y p x y dx
α

∞
= ∫ ,                                 (5) 

( ) ( ) ( ) ( ), 0
, 0l m

l m u
u u x y u p x y dxdyν

∞ ∞
= + −∫ ∫ .                     (6) 

Proof. Let’s now consider the following four cases: (i) 1uT T= , and the first claim causes ruin. (ii) 1uT T= , and the first 
claim does not cause ruin. (iii) 1uT T> , and ruin occurs at the time uT . (iv) 1uT T> , and ruin does not occur at the time 

uT . Given that the risk process (1) renews at claim instants, it follows that by the cumulative law of mathematical expec-
tation 

( ) ( ) ( )( ), , 10 0
, 0

u

l m l mu u y p x y dx dyφ φ
∞

= −∫ ∫ ( ) ( ) ( )10
, 0l m

u
u x y u p x y dxdy

∞ ∞
+ + −∫ ∫  

( ) ( )( ), 20 0
, 0

u

l m u y p x y dx dyφ
∞

+ −∫ ∫ ( ) ( ) ( )20
, 0l m

u
u x y u p x y dxdy

∞ ∞
+ + −∫ ∫  

( ) ( )( ),0 0
, 0

u

l m u y p x y dx dyφ
∞

= −∫ ∫ ( ) ( ) ( )
0

, 0l m

u
u x y u p x y dxdy

∞ ∞
+ + −∫ ∫ .               (7) 

From (4), (5), (6) and (7), it is observed that the equation (3) holds. 
Similarly, applying the cumulative law of mathematical expectation yields 

( ) ( ) ( )( ), 1 20 0
, ,l m

l m u x y p x y u p x y u dxdyφ
∞ ∞

= +∫ ∫ ( )
0 0

,l mx y p x y u dxdy
∞ ∞

= ∫ ∫ ,  

By (2), (4) and the above equation, we have 

( ) ( )0,0 00 0 E 0I T Uα φ< = =  < ∞ =   ( ) ( )0Pr 0 0T U ψ= < ∞ = = ,                 (8) 

From the security loading condition of E( ) E( )i ic T X> , we get ( ) 1uψ <  (see Section 3.3 of [1] for more details) and 

(0,1)α ∈ . Then, by (4) and (5), we have ( )
0

1h y dy
∞

=∫ . Therefore, Eq. (3) is a defective renewal equation satisfied by 

( ),l m uφ .  □ 

In the rest of this section, we derive explicit expressions for the joint moments ( ),l m uφ . We denote the Laplace trans-

form of an arbitrary function ( )xη , 0x ≥ , by ( ) ( )
0

ˆ sxs e x dxη η
∞ −= ∫ . Taking the Laplace transform of Eq. (3), one de-

duces that 
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( ) ( ) ( ) ( ), , ,
ˆˆ ˆ ˆl m l m l ms s h s sφ αφ ν= + ,  

( ) ( )
( )

( ) ( )( ),
, ,

0

ˆ ˆˆ ˆ
ˆ1

nl m
l m l m

n

s
s s h s

h s

ν
φ ν α

α

∞

=

= =
−

∑ ( ) ( ) ( )( ),

1

ˆ ˆ1 1
1

nl m n

n

s
h s

ν
α α α

α

∞

=

 = − + − −  
∑ .               (9) 

We construct two auxiliary functions as follows: 

( ) ( ) ( )
1

1 n n

n
g y h yα α

∞
∗

=

= −∑ ,                                    (10) 

( ) ( ) ( )
0

1 1
y

G y G y g x dxα= − = − + ∫ , 0y ≥ ,                               (11) 

where ( )nh y∗ is the n-fold convolution of ( )h y  with itself. By ( )
0

1h y dy
∞

=∫ , we have ( )
0

1nh y dy
∞ ∗ =∫ , and 

( ) ( )
0

1
1 (0,1)n

n
g y dy α α α

∞∞

=

= − = ∈∑∫ . 

Taking the Laplace transform of Eq. (10), we get that 

( ) ( ) ( )( )
1

ˆˆ 1
n

n

n
g s h sα α

∞

=

= −∑ ,                                    (12) 

( ) ( )
1ˆ1

ˆ1
h s

g s
αα

α
−

− =
− +

,                                      (13) 

From (9) and (12) or (13), it follows that 

( ) ( ) ( )( ),
,

ˆˆ ˆ1
1
l m

l m

s
s g s

ν
φ α

α
= − +

−
( ) ( ) ( ),

,

ˆ ˆ
ˆ

1
l m

l m

s g s
s

ν
ν

α
= +

−
,  

which we invert to obtain 

( ) ( ) ( ) ( ), , ,0

1
1

u

l m l m l mu u g u y y dyφ ν ν
α

= + −
− ∫ .                             (14) 

Using integration by parts to the integral term on the right-hand side of (14), the explicit expression for the joint moments 
( ),l m uφ  becomes 

( ) ( ) ( ) ( )(, , ,
1 0

1l m l m l mu u G uφ ν ν
α

= − −
−

( ) ( ) ),0

u

l mG u y y dyν ′−∫ . 

Next, we give explicit expressions for the ruin probability ( )uψ . From ( ) ( ) ( )0 0,0Eu I T U u uψ φ=  < ∞ =  =  , we 
note that  

( ) ( ) ( ) ( )0,0 0,00

1
1

u
u u g u y y dyψ ν ν

α
= + −

− ∫ ,                                (15) 

where ( ) ( ) ( )0,0 0
, 0

u u
u p x y dxdy h y dyν α

∞ ∞ ∞
= =∫ ∫ ∫ . To obtain another explicit expression satisfied by ( )uψ , we take 

the Laplace transform of Eq. (11), and get that ( ) ( )ˆ ˆG s s g s sα= − . Substituting Eq. (12) into this equation followed by 
simple algebraic manipulations, we obtain  

( ) ( ) ( ) ( )ˆ1ˆ ˆ ˆ h s
G s G s h s

s
α α

−
= + ,                                     (16) 

By inverting the Laplace transform of the equation (16), it follows that 

( ) ( ) ( ) ( )( )0 0
1

u u
G u G u y h y dy h y dyα α= − + −∫ ∫ ( ) ( ) ( )0,00

u
G u y h y dy uα ν= − +∫ , 0u ≥ .          (17) 

By Eq. (3), we have 
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( ) ( ) ( ) ( )0,0 0,0 0,00

u
u u y h y dy uφ α φ ν= − +∫ .                            (18) 

Noting that a defective renewal equation uniquely defines a function. Comparing Eqs. (17) and (18) yields 

( ) ( ) ( )0,0u u G uψ φ= = .                                         (19) 

By (10) and (11), we have 

( ) ( ) ( )( )
1

1 n n

y
n

G y h x dxα α
∞ ∞ ∗

=

= −∑ ∫ , 0y ≥ ,                               (20) 

From (19) and (20), it follows that 

( ) ( ) ( )( )
1

1 n n

u
n

u h y dyψ α α
∞ ∞ ∗

=

= −∑ ∫ , 0u ≥ .                             (21) 

In particular, ( ) ( ) ( )( )0
1

0 1 n n

n
h y dyψ α α α

∞ ∞ ∗

=

= − =∑ ∫ . 

4. Numerical results 
In this section, we consider numerical results of the ruin probability under the risk model (1) for exponentially distributed 

claim sizes. 
Let ( ) xf x e ββ −= . Then  

( ) 1 xF x e β−= − ,  ( )f̂ s
s

β
β

=
+

,  ( ) ( ) ( )( )1 y
xf y f x y F x e ββ −= + − = ,  

( ) ( )
0

1 , 0h y p x y dx
α

∞
= ∫ ( ) ( )

0

1 0
T

y
U xf x f y dx e ββ

α −

∞ −= =∫ .                         (22) 

It follows from (16) and (22) that 

( ) ( )ˆ ˆG s G s
s s

β αα
β β

= +
+ + ( )1 s

α
β α

=
− +

,  

By inverting the Laplace transform of the last equation, one easily deduces that 

( ) ( ) ( )1 uu G u e β αψ α − −= = .                                       (23) 

To determine α , we again use the cumulative law of mathematical expectation. By conditioning on the time 1T  and 
the amount 1X  of the first claim and considering when ruin occurs on the first claim, we also have  

( )0,0 uφ = ( ) ( ) ( )0 0

0

y

u ct
u ct y u ct e k t dydtββ

∞ ∞ −

+
+ − −∫ ∫ ( ) ( )0,00 0

u ct yu ct y e k t dydtβφ β
∞ + −+ + −∫ ∫ . 

By ( ) ( )0,0 u G uφ = , the above equation can be written in the following form 

( )G u = ( ) ( )( ) ( )
0 0

u ct u ctyG u ct y e dy e k t dtβββ
∞ + − +−+ − +∫ ∫ .                111(24) 

From (17) and (22), we have 

( ) ( )
0

u y uG u G u y e dy eβ βα β α− −= − +∫ ,                                  (25) 

By (25), it follows that 

( ) ( ) ( )
0

1u ct u ctyG u ct y e dy e G u ctβββ
α

+ − +−+ − + = +∫ ,  

Substituting the above equation into Eq. (24) yields 
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( ) ( ) ( )
0

G u G u ct k t dtα
∞

= +∫ ,                                    (26) 

It follows from (23) that 

( ) ( )( ) ( ) ( )1 1u ct ctG u ct e G u eβ α β αα − − + − −+ = = ,                             (27) 

Substituting Eq. (27) into Eq. (26) leads to 
( ) ( ) ( )( )1

0
ˆ 1cte k t dt k cβ αα β α

∞ − −= = −∫ . 

In summary, the ruin probability is 

( ) ( )1 uu e β αψ α − −= ,                                           (28) 

where α is the unique real root in the interval (0,1) to the equation 

( )( )ˆ 1k cξ β ξ= − .                                           (29) 

Here, see Section 3.1 of [8] for more details of a proof of the uniqueness. 
In the following examples we will discuss the effect of the initial surplus u  and the interclaim time iT  on the ruin 

probability ( )uψ . 

Example 1. We assume the interclaim time ( ), , 1, 2,3,iT n iλΓ =  , with probability density function and the La-
place transform of it as follows: 

( ) ( )
1

1 !

n t ne tk t
n

λλ − −

=
−

, ( )ˆ
n

k s
s

λ
λ

 =  + 
. 

Suppose 1.5, 0.8, 1c β λ= = = . In order to see the effect of the variation of the parameter n  on the ruin probability 
( )uψ , let n  take the values 1, 2, and 3, respectively, and solve Eq. (29) to obtain the corresponding values of α  are 

0.8333, 0.2925, and 0.1138, respectively. From (28), we take advantage of the package Mathematica 12.0 to examine the 
effect of the variation of n  on ( )uψ  for 0 10u≤ ≤ , see Figures 1-3. From Figures 1-3, it is observed that ( )uψ  is a 
decreasing function of u  and is a decreasing function of n . 

   
Figure 1. ( )uψ  when 1n = . Figure 2. ( )uψ  when 2n = . Figure 3. ( )uψ  when 3n = . 

 
Example 2. We assume the interclaim time 1 2 , 1, 2,3,i i iT T T i= + =  , which is the sum of two independent random 

variables. { }, 1, 2,ijT i = 
 is a sequence of non-negative, independent and identically distributed, random variables which 

are exponentially distributed with the parameter jλ , 1, 2j = . We have the Laplace transform of the probability density 
function of iT  as follows: 

( ) 1 2

1 2

k̂ s
s s

λ λ
λ λ

  
=   + +  

. 

Suppose 11.5, 0.8, 1c β λ= = = . In order to see the effect of the variation of the parameter 2λ  on the ruin probability 
( )uψ , let 2λ  take the values 0.4, 0.6, and 0.8, respectively, and solve Eq. (29) to obtain the corresponding values of α  
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are 0.1368, 0.1948, and 0.2465, respectively. From (28), we take advantage of the package Mathematica 12.0 to examine 
the effect of the variation of 2λ  on ( )uψ  for 0 10u≤ ≤ , see Figures 4-6. From Figures 4-6, it is observed that ( )uψ  
is a decreasing function of u  and is an increasing function of 2λ . 

 

   
Figure 4. ( )uψ  with 2 0.4λ = . Figure 5. ( )uψ  with 2 0.6λ = . Figure 6. ( )uψ  with 2 0.8λ = . 

5. Conclusion 
We propose a renewal risk model with an arbitrary interclaim time distribution and an arbitrary claim size distribution. 

A defective renewal equation satisfied by the joint moments of the surplus immediately before ruin and the deficit at ruin 
is given under this model. Solving this renewal equation yields an explicit expression for the above joint moments (includ-
ing the ruin probability). In particular, an explicit expression for the ruin probability is obtained under the exponential 
claims condition. Numerical examples are given for the two cases where the claims counting process is an Erlang(n) process 
and a generalized Erlang(2) process, respectively, to analyze the effect of the relevant parameters on the ruin probability 
and to verify the validity of the above conclusions. The risk model proposed in this paper has wider applicability than the 
current mainstream risk model with interclaim times following a specific distribution. Numerical examples show that the 
explicit expressions of the joint moments in this paper have certain application value for insurance companies to correctly 
calculate the ruin risk and to understand their vulnerability in the ruin event. 

Funding 
This research is supported by the Natural Science Research Project of Anhui Jianzhu University (Grant No. KJ0514). 

References 
[1] Asmussen, S. and Albrecher, H. (2010). Ruin Probabilities. 2th Edition, World Scientific Publishing Company Limited, Singapore.  

[2] Cheung, E.C.K. and Liu, H. (2023). Joint Moments of Discounted Claims and Discounted Perturbation until Ruin in the Compound 
Poisson Risk Model with Diffusion. Probability in the Engineering and Informational Sciences, 37, 387-417. 

[3] Wang, H. (2013). On the Ruin Probability for a Generalized Erlang(2) Risk Model Involving Two Classes of Insurance Risks. 
Chinese Journal of Engineering Mathematics, 30, 661-672.  

[4] Li B., Willmot, G.E. and Wong, J.T.Y. (2018). A Temporal Approach to the Parisian Risk Model. Journal of Applied Probability, 
55, 302-317. 

[5] Landriault, D., Li, B., Shi, T., and Xu, D. (2019). On the Distribution of Classic and Some Exotic Ruin Times. Insurance: Mathe-
matics and Economics, 89, 38-45. 

[6] Landriault, D., Li, B., and Lkabous, M.A. (2021). On the Analysis of Deep Drawdowns for the Lévy Insurance Risk Model. 
Insurance: Mathematics and Economics, 100, 147-155. 

[7] Gerber, H.U. and Shiu, E.S.W. (1998). On the Time Value of Ruin. North American Actuarial Journal, 2, 48-78. 

[8] Wang, H. and Ling, N. (2017). On the Gerber-Shiu Function with Random Discount Rate. Communications in Statistics–Theory 
and Methods, 46, 210-220.  

[9] Cheung, E.C.K. and Zhang, Z. (2021). Simple Approximation for the Ruin Probability in Renewal Risk Model under Interest Force 
via Laguerre Series Expansion. Scandinavian Actuarial Journal, 9, 804-831. 

[10] Adekambi, F. and Takouda, E. (2022). On the Discounted Penalty Function in a Perturbed Erlang Renewal Risk Model with 
Dependence. Methodology and Computing in Applied Probability, 24, 481-513. 

[11] He, Y., Kawai, R., Shimizu, Y., and Yamazaki, K. (2023). The Gerber-Shiu Discounted Penalty Function: A Review from Practical 
Perspectives. Insurance: Mathematics and Economics, 109, 1-28. 

2 4 6 8 10
u

0.02

0.04

0.06

0.08

u

2 4 6 8 10
u

0.02

0.04

0.06

0.08

0.10

0.12

u

2 4 6 8 10
u

0.05

0.10

0.15

0.20

0.25
u


