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1. Introduction and Preliminaries

Bag and Samanta [1] introduced a definition of a fuzzy norm and proved a decomposition theorem of a fuzzy norm into
a family of crisp norms. Also, Bag and Samanta [2] give some properties on fuzzy norms. The concept of 2-norm and n
-norm on a linear space has been introduced and developed by Gahler in [4, 5]. Following Misiak [10] and Mal&eski [9]
developed the theory of n -normed space.

Narayanan and Vijayabalaji [7] introduced the concept of fuzzy n -normed linear space. Vijayabalaji and
Thillaigovindan [8] introduced the notion of Cauchy sequence and convergent sequence in fuzzy n -normed linear
space and studied the completeness of the fuzzy n -normed linear space. Many authors studied on fuzzy n -normed lin-
ear space.

Many mathematicians such as Asplund [16,17], Panda and Kapoor [12], Govindarajulu [14], Elumalai and
Vijayaragavan [13], Saravanan and Vijayaragavan [15] etc. studied on farthest point and remotal sets. Recent-
ly,Mirmostafaee and Mirzavaziri [3], studied on the closability of farthest point map in fuzzy normed spaces and
proved several theorems pertaining to this map. Then Turkmen and Efe [11] studied the same subject in fuzzy
n-normed spaces. In this paper we prove that the farthest point map and farthest point set in fuzzy and crisp hormed
spaces is similar by using definition and theorem in the sense of [11].
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First, we recall some definitions, theorem and example on n— norm, fuzzy n- norm, farthest point and other no-
tion which used later (see [6],[7].[8],[11],[12],[13],[14],15]).

Definition 1 ([6]). Let ne N and X be a real vector space of dimension d>n. A real-valued function |-,...,-|| on
Xx---x X satisfying the following four properties,

n
(1) 1%, Xy, X, |=0 ifand only if x,,x,,...,x, are linearly dependent,
(2) Ix., Xy, X, || is invariant under any permutation,

() 11X, Xpsee 0, IH ]| Xy X000, X, || fOrany aeR,

@) x1, %z s Xp—p, Y 2l < Ix4,%, o Xn, YT+ 1X4,%5, 0, X021, 2,

is called an n—normon X and the pair (X,||-...,-|]) is called an n—normed space, where d is infinite.

Xy 0 Xy
Example 1. Let X=R" and || x,,X,,...,X, [e=abs|| i . i]|],

n T nn

where x; =(x;,,..,X;,) €R" foreach i=1,2,..,n.Then (X,|+..,-|lz) isSan n-normed space which is called Euclid-
ean n-—normed space.

Definition 2 ([7]). Let X be a linear space over a real field F. A fuzzy subset N of Xx---xXxR (R set of real

n

numbers) is called a fuzzy n—normon X if and only if
(N1)forall teR with t<0, N(X,X,,...X ,t)=0 ,
(N2) forall teR with t>0, N(X;,X,,...,X,,t)=1 ifand only if x,x,,....x, are linearly dependent,
(N3) N(X;,X,,...,X,,t) is invariant under any permutation of x,,Xx,,...,X,,
(N4) forall teR with t>0, N(xq,X5,..., CXp,t) = N(Xq,X5, ..., X, t/]c]) if c£0, ceF,
(N5) forall s,teR, N(X;,Xy,.... X, + X0, S+1) 2 MIn{N(X;, X5, ..., X, ), N(X;, X0 X, 1) ],

(N6) N(x;,X,,...,X,,") is a nondecreasing function of R and !im N(X;, Xy, X, 1) =1,

Then (X,N) is called a fuzzy n-normed linear space or in short f-n -NLS.

Remark 1 ([7]). From (N3), it follows that in a f- n -NLS, (N4) for all teR with t>0 ,
N(X;, Xy eees €y ey Xy £) = N(Xp, Xy Xy X, U] C),

if c=0,(N5)forall s,teR, N(X;,X,,... X; + X000, X, S+ ) 2 MININ(X,, Xy ey Xy X, S)y N(X, Xy, X, X, D) 3
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Example 2. Let (X,||-,....-]) bea n—normed space as in Definition 1. Define,
t .
—— if t>0,teR
N(Xy, Xy ooy Xy 1) =3t X, X0, X, |
0 if t<0
forall x,,x,,...,x, € X. Then, (X,N) isaf-n-NLS.
Example 3. Let (X,||+,...,-|) bea n—normed linear space and o, >0.Then,
at .
if t>0,%,X%,,...X, €X
N(XlIXZI---vXnvt) = (Xt+B ” X11X2""7Xn ”
0 if t<0,X,X,,...,%X, €X
isa fuzzy n—normon X.
Example 4. Let (X,||-,....-]) bea n—normed linear space and $>a >0. Then,
0 , t<o || Xy, Xy X, ]

t
t+(B—o) 1 Xy, Xp0ee X, |l
1 , t>B X, X000 X, |l

N (X, Xgee Xy, 1) =

b o IXg X Xy (IS ESBIIXG Xg 0 X ]

is a fuzzy n—normonX.

Definition 3 ([8]). A sequence {x,} in a fuzzy n-normed space (X,N,*) is said to converge to X if given r>0,
t>0, 0<r<1, thereexists aninteger k, € N suchthat N(X,X,,....X,;, X, =X, t)>1-r, forall k=Kk,.

Theorem 1 ([8]). In a fuzzy n— normed space (X,N,*) a sequence {x.} converges to X if and only if
N (X, X500 X gs X =X, 1) 1 as k —o0.

Definition 4 [11]. Let {x,} beasequencein X and o e(0,1). We say that the sequence {X,} is o— convergent to
xeX, and write x, > _x or oa-lim__x =x if ve>0,v8>0,3k, such that k>k, implies that

N (X, X5, X0, X =X, 8) = aa—€. It is called convergent to x, and write x, —x , if it is a.—convergent to x for

each a€(0,1) orequivalently lim,_ N(X;,X,,...X, 4, X, —X,&)=1 foreach ¢>0.

k—oo

Definition5[11]. Let A be asubsetof X. A issaid to be fuzzy o— bounded if there is a positive real number m such
that N(a,,a,,..,a,,m)>a forall a,a,,..a, eA. A iscalled fuzzy bounded, if itis o.— bounded foreach a.€(0,1).

Definition 6 [12]. Let X be a real normed linear space and let A be a nonempty, bounded subset of X . Let
Fo:X—R be the farthest distance function defined by F, (x)=sup{[x—y|:yeA}. The set-valued map Q:X—>A

defined by Q(x)={y’ e A:|x—y'|=F,(x)}is called the farthest-point map supported by A. Every element y'eQ(x)
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is called farthest point of A from x and the set of all farthest points of A is written as far(A). If Q(x) is nonempty

(respectively singleton) for each x e X, then A is said to have the farthest-point property (respectively unique farthest
point property).

Example 5. Let (X =R?[) normed linear space and the set A is defined as A ={(x,,x,):-1<x, <1,-1<x, <1}.

Since x = (2’2) eX, Fo(2,2) = sup{ll(2,2) = (y1,y)ll: (y1,y2) € A} = 3V2 therefore
Q) ={y=(¥,) eA:](22)=(v:.¥, )| =3v2} . Then Q(x)={(-1,-1)}.

Since x=(0,2), Q(x)={(-L-1) @ 1)}

Similarly, since A={(x,,x,):-1<x, <1,-1<x, <1} and x=(2,2), we obtain

Fa(22)=sup{](2.2)~(vu¥,)]: (%, ¥2) €A} =32 and Q(x) =y =(v..y,) eAt](2.2)~(v.y,)| =32
However, because of (-1,-1)¢ A , Q(x)=d.

Example 6. LetX=RxR, x=(a,b)e X. We define a I_-norm on X as ||(a, b)||w = max{|a|,|b|} for a,beR. Ifwe
take A={(a,a,):—4<a <2a,=0} and x=(30) then FA(x)=sup{||(3,0)—(y1,y2)||w :(yl,yz)eA}=7 and
Q(x)={y=(v.¥,) eA:[(3,0)~(¥.y,)| = 7}. S0 Q(x) ={(-4.0)} .

Since Az{(al,az):—G <a, <6,a, :O} and x=(0,2), Fo( =sup{ll(0,2) — (y1,y2)ll.:(y1,y,) € A} =8 and
Q(x)= {y: (¥ Y2) eA](0.2) = (1Y, = 8} .S0 Q(x)={(0,-6)} .

Similarly, If we take A={(a,,a,):-3<a, <3-1<a, <5} and x=(0,2) then F,(x)=3 and
Q(x)={(v1.5).(y1,-5): -3<y, <3}U{(3y,).(-3y,): 5=y, <5}.
Definition 7 [15]. Let B be a bounded subset of a real normed linear space X and x € X. An element b, € B is called a

strongly unique farthest point to X from B, if there exists a constant K, >0 such that for every b,eB,
[x=bq]| =[x =b]+ K, [|b-by .

Theorem 1 [15]. Let B be a compact subset in a normed linear space X. Then for every xeX , there exists a farthest
point from B.

Corollary 1[15]. Let B be a closed and bounded finite dimensional set in a normed linear space X. Then for every x €
X, there exists a farthest point in B.

Corollary 2 [15]. Let f be a continuous mapping from a normed linear space X into another normed linear space Y. Let
B be a compact set in X. Then for everyy € Y, there exists a farthest point from f(B).

Definition 8 [11] . Let A be a fuzzy a—bounded subset of X. For x;,X,,...,X, ;,x€X and 0<s<t, we define
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Q.(Ax) tobe faeA:N(X;,X,,....X,;,X—2a,5) > o implies N(X;, X,,..., X, ;,X—b,t) > o forallbe A}

Xy s
If there is no danger of ambiguity, we denote Q_ (A,x) simply by Q, (x).

Definition 9 [11]. Each a element of Q,(x) iscalled a fuzzy o - farthestpoint from x andthemap x —Q,(x) is
called the o — farthest point map associated to A.

Definition 10 [11]. The set A is said to be fuzzy o—remotal in X if foreach x e X, Q, (x) is nonempty.

Definition 11 [11]. Let A be a fuzzy o—bounded subset of X. If for each a,be A and each t >0, the relation
N(X;,X;,.... X, 4,8—h,t) > is constant then A is called o—singleton. A is singleton if and only if it is o - sin-
gleton for all a.€(0,1).

Definition 12 [11]. If Q,(x) is a-—singleton, then we say that X admitsan o farthest point in X.

Definition 13 [11]. A is said to be fuzzy o — uniquely remotal in X if each x e X admits o — unique o - farthest
point in A,

Remark 2 [11]. If for some x e X, Q,(x) is notempty, then A is fuzzy o.— bounded. To see this, let aeQ, (x).
By (N5) there isan s, >0 such that N(X;,X,,...,X,;,X—2,5,)> 0.

Moreover, we find some t, >0 suchthat N(X,,X,,...X,,X,t,)>a. Thus, for m=t,+t, we have
N(Xy, X100 X g, 0, M) 2 MINN{(X, X100 X5, D =Xt )y N(Xy X0 X X1 )} 2 0,

for each beA. This show that A isfuzzy o - bounded. So, it assume that A is o — bounded in our further discus-
sion.

Lemma 1 [11]. Let A be asubset of X and Q, be the o— farthest point map related to A and a<A. For some
0, (x)€Q,(x) andall t>0

N(X;, X500 X, 5,80, (X), 1) 2 0, (12)
then aeQ, (x).

Proof. Let s<t and N(X..,X,,,Xx—a,5)>a.Thenfor e=t-s,

>min{o, o} (13)

=a
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Let beA. Since t:5+8>s+§, the definition of Q,(x) implies that N(x;,X,,...X, ;,Xx—=b,t)>a . As a result

aeQ,(x).

Corollary 2 [11]. Let A beafuzzy o—uniquely remotal subsetof X. If Q,(x)nQ,(y)=d, then
Qq (X) = Q(x (y)

Definition 14 [11]. Let A be a fuzzy bounded subset of X. For x e X, we define Q(A'X):ﬂae(o,l)Qa (A x). For

the sake of simplicity we call Q(A,x) as Q(x). Eachelementof aeQ(x) is called a fuzzy farhest point of A from
x and the map x —Q(x) is called the fuzzy farthest point map associated to A.

Lemma 2 [11]. Let A be a fuzzy bounded subset of X. Then

i. Q(x)={acA:vbeA N(X, Xy, X, 1, X—8,5) SN(X, Xy, X, g, X—b, 1) ifO<s <}

ii. A is fuzzy uniquely remotal if and only if Q(x) is singleton for each x e X.
Theorem 2 [11]. Let A be a fuzzy o—bounded subsetof X and x —Q,(x) be the fuzzy o - farthest point map. If
X, — % and q,(x,)eQ,(x,) foreach k and q,(x,)—> .y, then yeQ,(x).

2. Main Results

In this section we will refer to comparing some results of the farthest point problems in classical n— normed spaces to
fuzzy normed spaces.

The following lemma show that our definitions in (X, N) fuzzy n—normed space are similar to definitions in classic
N —normed space where (X,|| - ||) is n-normed linear space and

t . .
Xy, X,,-.., X, Linear independent

N(Xy, Xy yery Xy 1) =3 T X, X0 X ] (14)
1 ;X X,,..., X, Linear dependent
forall x;,X,,..,x, €X and t>0.
Lemma3. Let (X,||-...-]l) bea n— normed space and A be a fuzzy bounded subset of X. Then Myeton Qu (AX)

is equal to Q(AX) in (X|l-....r ).

Proof. Lettake the a,...,a,,,x,aeX and aen,,,Q, (A x) arbitrary elements. Thus

N(X;, X000 X, X=0,1) 2 N (X, X0, X, 5, X —8,8) forall be A and 0<s<t. If we use this inequality, for all
beA,
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If we write s —t, we show that  [a,...,a,;,x~b[<[a,,...a,;,x~a]. Since ais arbitrary, forall acn,_,, Q. (AX),

aeQ(AX) in (X|l-...-1l).

Conversely, We suppose that a e Q(A,x) is arbitrary elementin (X,|-...,-]l). Thenforall be A and 0<s<t,
lay, @, 4, x b <|ay,...a,;, X3
=tfag,..a,,x—a] 28y, ... 2,5, x—a] 28y, ... 2,4, x =D
=st+tfa,...a,,x—a|>st+sa,,...a,, x—b]

= t(s+ay,...a,,x—a]) =s(t+[a,,...a,;, x—b])

Since a is arbitrary, aen,,,Q,(Ax) forall ae Q(Ax).

Example 7. Let ||:XxX—>R be 2—norm definedas |x,,x,|= where X=RxR,

det|:X11 X12:|
X21 X22
X, = (X1 X1) 1 X, = (X1, X5) € X. While (X=R?,].{) is 2-normed linear space, A={(a,,a,):-1<a, <1a,=0} and

x, =(3,1), We calculate the farthest point map x —Q(A,x) for x=(2,2) point.
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sup{[x,, x - a|| aeA}

sup{|(3.1 )—(a1,3, ) (a,,2,) € A}

{
{
sup{|(3.1).(2-a,,2-3,)|: (a,,a,) e A}
{2
{

sup |3 2-a,)-1.(2-3,): (al,az)eA}
sup{|4+a, - 3a2| a,,a,) €A}

Then, the following set-valued map is obtained.

Q(Ax)

{a=(a,a,) e Az|x, x—a] =5}
{al,a2 eA:||(3,1),(2,2)—(a1,a2)||:5}

{

~{(aya,) e A:[3.(2-a,)-1.(2-a,)| =5
={(a,,a,) e A:|4+a, —3a,| =5}

(
(

al,az)eA:||(3,1),(2—a1,2—a2)||:5}

In the following example, we examine the above example in the fuzzy 2— norm.

Example 8. Let (X,[.{) be 2— normed linear space defined by Example 7 and N:XxXxR —[0,1] be fuzzy 2—
norm defined as

t
N(x,y,t)= t+]xy|
0 1<0,x,yeX

it>0,x,yeX

While A={(a,,a,):-1<a, <la,=0} and y=(31) , We calculate the fuzzy farthest point map x —Q(A,x) for
x=(2,2) point.

Forall beA and O<s<t,
Q(Ax)={a=(a,,a,) e A:N(y,x-a,5)<N(y,x=b,t)}.
Then

N(y,x—a,5) < N(y,x—b,t)
S t
=
s+|y, x— a|| t+[ly,x—b]

= sy, x—b||<t.|y,x-a].
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If we write s —t, we show that ||y, x —b|<]y,x-a].

For all be A, the acA value providing this condition is the (1,0)e A value we calculated in example 7. So

Q(AX)=((10))

As we can see from these two examples, the farthest point map and set made by the classical 2-norm and the fuzzy
2-norm is equal.

Let's examine a different example to see that when we change the fuzzy norm that we use, the same results can be
achieved. Since this example is given in 3 — normed spaces, we firstly give 3 — normed space.

Example 9. Let X=RR® and (X[~,) bea3-normed linear space. Define N:XxXxXxR —[0,1], by

e xall, Y
t ;o t>0,X,X,, %€ X

N(X;, X0 X5, t) = [e

0 ;o 1<0,X,X,, X, € X

forallx,,x,,x, € X and teR, where |x,,x,, X, _max2|x”|

1<i<3
Then N is fuzzy 3-norm and (X, N) is fuzzy 3-normed linear space.

Example 10. Let X=RxRxR and X; =(X;,X;,,X;3)€X for i=123. Define

o : XX XXX >R by [%,,%,, % _max2|xij|. So (X=R’|.{) is3-normed linear space.

1<i<3

While A= {(allaz,as) eR®:a’+a,”<10<a,<a’ +a22} . X =(1,0,0) and x, 2(0,1,0) , we calculate the farthest
point map x —Q(A,x) for x=(0,0,4) point.

sup{[x,, x,, x—a|, :ae Al

sup{[(1,0,0),(0,1,0),(0,0,4)—(a,,a,,3,)| . :(al,az,a3)eA}

{
sup{](1,0,0),(0,1,0),(-a,,—a,,4 -2, )| : (a,,8,.3,) € A}
sup{max{LL[a,]+[a, | +[4—a,]}: (a;,,,8,) € A}

=4+\F

Then, the following set-valued map is obtained.
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(a,,8,,85) € At X, X, x —a :4+\ﬁ}

3,,3,) €A:[(1,0,0),(0,1,0),(0,0,4)—(a,,8,.a,)], =4++2}

a,,3,,3,) €A:[(1,0,0),(0,1,0), (al,az,a3—4||w=4+«ﬁ}

e Aimax{L1[a,|+[a,|+[a, 4]} = 4+\/§}

) =fa=(
{CNERED
(@,2,02)
{(al, a,,a;)
{( )e

a,,a,,a,) € R* :[a, | +]a,| +]a 4|:4+\/§,a12+a22sl,O£a33a12+a22}.

Thus,

o[£} o) )

Example 11. Let X=R® and (x||||w) be 3-normed linear space. Define N: XxXxXx[R —[0,1] fuzzy 3-norm
by

%0 %2 X, )
N(X;, X, X5, 1) = [e t J ;>0

for allx,,x,,x, X and teR where [x,,X,, X, —rlr3|a<>3<2|xu| So (X,N) is fuzzy 3-normed space.

While A= {(al,az,a3) eR®*:a’+a,”<10<a,<a’ +a22} , %, =(10,0) and x,=(0,1,0), we calculate the fuzzy farthest
pointmap X — Q(A,x) for x=(0,0,4) point.

Forallbe A and O<s<t,
Q(Ax)={a=(a,,a,,a,) € AT N(X;,X,,X—2,5) < N(X,,X,, X b, 1)}
Then,

N (X, X5, X —2,8) < N(X;, X,, X —b, t)

oo x—al, \ P -], \ 7
=|e s <|e t

_ raxex—al, | Jxaxa.x b,

s B t
= t|x,, X, X = =%, X, X =]

If we write s —t, we show that
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%, X, X =@l =][%;, X, X—=b]_ .

For all beA , the acA value providing this condition is the
(EQOJ{i—ZOJ(Q ‘ﬁoM ﬁ 2 ]eA value we calculated in example 10. So
2 2 2 2 2 2 2 2
2

£ 8 0o) 850

As we can see from Example 10 and Example 11, the farthest point map and set made by the classical 3-norm and the
fuzzy 3-norm is equal.

3. Conclusion

The farthest point map and set varies with the given norm. But the farthest point map and set calculated in fuzzy
n-normed space created using the norm given in classical space don’t varies. As a result, as long as the norm we use in
classical space doesn’t change, calculated farthest point map and set is equal in classic and fuzzy n-normed spaces.
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